1.3A - Radical Operations

Example 1 — Simplify
1 X
a) 4% b) 16zé»f”ﬂLﬁ5H?/‘“ d) 23 o) 85— f) 3B

l6 4 8 g A 2

What is the relatlonsh|p between a, b, c? What is the relationship between d, e, f?
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ex )%= R 72 =83 3 = *Je RADICAL EXPRESSION
\
Ifx™ = a,then x = (" = o

If ‘a’ and x are real numbers and n is a positive integer, then x is an

nth root of 'a’ (|ex—an— Va) ifx" =a

nth

root theorems: 7(/\ = a

1) If a is positive and n is even, then there exist TWO real nt roots.

Example 2 — Solve for x

a) x2 =16 b) x2 = 11 ¢) x* =81 d) xt =5
J—;C—z—;tm— X:t\!_”’ l:i-"r\/'gi z:i‘lfj_s:
x=1h B
(4)(4) = b ()= I

’\Ol and

a
(= (AW EmE

2) If a is negative and n is even, then there are NO real number solutions.
Example 3 — Solve for x

a) x2 =-25 b) x* = -7
X=1J-25 + _ o+
g =t
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3) If n is odd, then there is ONE real n" root of a.

Example 4 — Solve for x

a) x3=8 b) x3 = -8 c) x° =—4
Z: 3 g Z; 3\{",8> ,Z: 5 __L'L
=17 =2

4) If a is zero, then there is ONE real n” root of a, and it is ZERO.

Example 5 — Solve for x

a) x2=0 b) x> =0
x=t]0 =5
=0 X=0

Radical Properties from Math 10:

1
1) an = VYa as discussed in above notes

2) g = (Va)™ Example: 16% = @ﬁb—)s = 23: 8
I 7

_E_i_ 1 _ = - _J,_;_ = Z 5
3 an=m=rm=r Example: 277 17 (\3/.27)1

n

n % 3
4) "= = nﬁ Example: 3,2 = E S 3
b Vb 64 _';m L‘

5) Yab =%a- Vb Example: V12
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1.3B — Radical Operations

absolute Absolute Value is “how many jumps the number is from zero”. Stated another way, it is the
value distance from zero on the number line, regardless of direction. Distances are always POSITIVE
values. 3 is 3 jumps from zero, so the absolute value of 3, or [3| =_=2 . =3 is 3 jumps from
zero, so |—3| =_> . Soif|x| = 3, x could have been 3 OR_-=3_.Forevery absolute
value solution, there is a positive and negative possibility.

Example 1 - Evaluate

a) |5 b) [-7| ¢) |—0.34| d) [ e) |-63
5 7 03 £ )2
Example 2 - What are the possible values of x?
a) x| =6 b) |x| =9.7 c) |x| =-2
=24 =141
. Example 3 - Identify and define all parts of the radical, then simplify:
Radical rnolex
Review 3/'/— ' Jf ' i’
Sl £igh (100
Ootfhaed —73 |
™ rudutmad

Roots of Positive Powers of x:

Case 1: When x > 0 in Vx™ with n a positive integer.

The square roots of negative numbers are undefined in the set of real numbers. Therefore, if
x = 0, simplification is easier to realize.

For example:

Is x? a perfect square? L/p). Is x? a perfect cuge? etc.
Va2 =y VxZ =

Is x3 a perfect sq? No

Does it have any factors that are? es

V=[x - xlE E = 1
Vid = 2 V= Yz = X e
\/_—\/f"_ 3\/x_=3131‘=x31‘
\/x_é = Zg 32 \f— 2 5
7 =[xz = X 7 / = X
x T like !\E/)En:ple4 Simplify. Assume all variables represent pos;gés;;umbe SZ *
%j{j 'E‘P uhot a) V1692 b) Jx%y3 ¢) \/25x5y372 d)3/BxtyS o) Y27x3y0
P (A l/ 2 2 2 2 -
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Before Case 2 is discussed, it’s important to understand the Principal Square Root Theorem.
Every positive number ‘n’” has two square roots. One is positive, and the other is negative.
Example: x? = 16,s0x = +V16 = +4
The PRINCIPAL SQUARE ROOT is the POSITIVE NUMBER SQUARE ROOT.
Unless otherwise stated, the ‘square root’ of a number refers ONLY to the principal square
root. *A general rule is that if the radical is present originally in the question (rather than you
introducing it to the question), give only the principal square root as the answer.
Thus, V16 = 4 but x2=16

x=1V16= +4
Case 2: When x is a real number (meaning it could be positive, zero, or negative — we don’t
know which at first) in V™, with n an even integer, then \/;2- = X like we determined

for case 1 (when X couldn’t be negative) is no longer sufficient. Here is why:
Let’s say that we know that x is negative, for example x = —3.

W JZE=X, The answer waulo/ be =3, Pufif
V3= J‘Z]— =3 cannof be,fus o W/)nwp 9 root theorem

How do we ‘fix’ this issue?

When variables exist in a radicand, it is not known if the variable represents a negative
number, zero, or a positive number. An ABSOLUTE VALUE is sometimes needed to ensure
that the result is a positive number (so that your solution will be the principal square root).
If x can be any real number (meaning it could be negative), then:

Vx? = |x|

This will allow for x to not magically change, but also allow for the principal square root (the
positive root) to be the one and only solution.

Let’s say that we know that x is negative, for example x = —3. Thus, x IS s7 hll =3, bu r fhe
Then: I \[ N\ = { _ _3, — y[b!o/ﬂ# W/u.t uzr S aﬂ‘w*f /

This is onIy necessary when x changes from an EVEN power to an ODD power ,r{; 2000 |

Vx* = x? (no absolute value needed as x? can only result as a positive)
For example, if x = —3:

3
And moving forward: Vx© = '1 Vx8 = Z,H Vx10 = {ZS‘ etc
If the exponent in the radicand is ODD, then a NEGATIVE value of x will make the value
Summary: [or || NEGATIVE, which is UNDEFINED in the real number system. Therefore, x > O for all odtj1 1[\ %5
on 1

M‘;onﬁm’r on > XX Is en|, e Solu
Al exponents. Examples: Vx3 = VxZ2x =xv/x:x >0
Vil in even P TS negai ‘f/(e then @

dey radieals
L \/_5-=\ ZL’X :)éx/;g’ 120 \/X_=JZ&Z = X \/_? X 7O

(D EeveN o 0pD I .
il nhe vedit Example 5 — Simplify. Let the variables be any real numbers.

D ey o] @ V16X b) JZ5x%yF o VXTE d) 36xTyS ) /32x5)378
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1.4 - Simplifying Radicals

Radicals can be written as fractional exponents, as learned in Math 10.
1 1 1
Examples: V2 = 22 Vx = x3 Generally: Ya = an

Three Important Relationships of Radicals, all from Math 10:

. 2
1) ¥/a® = a, a > 0 because ¥/a" = an = a* Example: ¥52= 52=0

2) ¥ab = %a x Vb, a,b = 0 because ¥ab = (ab)n = an x br = Ya x Vb

1
nla _a nja_ oL _at Vo
3) [; =7 a=0,b>0because \/;—(b) = i1T
Simplifying Expressions Containing Radicals
2D
Example 1 - Simplify 20 Two Methods: \JTZZ /N

AXY Ja2 s }0\
Ja s 23 > 7
2 J'E—:’ 2'2'{

It is beneficial to know the perfect squares up to 144, perfect cubes up to
125, and perfect fourths up to 81.

pa.{(_c.f- spuatess 4,9, 16,25, 56,149,064, 91,100, 121, |44
peckect whes 8 X701 g
Penht({ fourths - 1l 81

Example 2 — Simplify
a) V8 b) V27 c) 352 d) ¥24 ) 5V81 f) V32
Fr 3 sywn g3 EYms B2
\[Tf'\/‘y’_ 35 ;ﬂ?ﬂ} 3‘/@-3@ 5,3(59{3 b /b"f/;
22 3.2:03 E 5.3:[3 y
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Example 3 — Simplify (assume variables are positive)

a) /18x3y5 b) /63n7p* c) /32x8y11 d) V40a*b8c15

mgz W r 14 3:0@ 300® bé@cu—
32 y 5 2.5 3

3yl 3n3p2ﬁ; 12 ek [l

4 1
e) V54a5p10 f) vm’ g) V162x3y11z5  h) 3/2
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Changing Mixed Radicals to Entire Radicals
Example 4 — Change to Entire (assume variables are positive)

a) 43 b) 3v5 c) 27 d) —2xVéx
RH s R I T [
3
: [us ﬁ —N2f
T4
e) x3/x f) 3a2b Vb%c g) S yi/ny

JxtJx $a7a88 b2 327x%q 2
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1.5 — Adding and Subtracting Radical Expressions

Like Radicals

‘Like Radicals’ work very similar to ‘Like Terms’.
Simplify: 3x +2x = 52'/

Simplify 3v2+2v2 = 5J7:
Like radicals have _Th4 S&W&/“M&X oand The Samé W‘lﬂ/
Steps for adding & subtracting like radicals:

0) Chacke i radetals are '[ike: S;MPI-'% any radieads you can.
@ Add of Subtract mfﬁ.:;m’;, [eave The I/:Iu, rodicals T Same.

Example 1 - Simplify

a) 73— 23 b) —53/10 — 63/10 ) 4v2 - 532
5J/3 —l Yo WJ2-5%7Z
d) 2v75 + 3v/3 e) —V27 + 3v/5 — /80 — 2v/12
N NG g S
103 +3JF G
E -J5
1303 KE

f)v9b — 3V16b, b =0

3 ﬂ:— 12 n In example f, why does b have to
‘"ﬁj_b— be greater than or equal to

zero? I#L 15 m;ga:‘)"vtff mdxclaﬂﬂ/f

Wl'//hhl?dwa/ So p/




Example 2 — Simplify. Assume variables are positive values.

a) \/27xy + /8xy b) 4316 + 33/54
3l5xy + 200y 14623 %2
§3a+9V2
7z

c) 3x,/63y — 5,/28x2y d) EW— xy3/54xy?2
%;[ lﬂ v7ﬂﬁ -5 Lf._,fczjg) 9! j‘y;‘:i\jaga — ;Cj ‘3.(27"@

Tz ﬁg — 10 W /hj) Yo =314 ‘/7’17_
~Y. 7\(1 ng f/Z_/ 3)0:7 3 z r
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A — Multiplying & Dividing Radical Expressions

Example 1 - Multiply 2V/5 (3\/5) Verify your answer: 2 /5’ (‘3 FE)

.ultiplying
! = 2-J5-3-J% ' g
dical [
radicals = 303 o FE {5 | (“f-"!‘72) (6.7053)
. é*‘\/f;-s = é‘!};’- =é(g)~:30 = 30 1./
To multiply radicals: .
(i M\A\\W‘\ﬂﬂ ceelficients

@ M\AH\F\ n;u{,(cam{s (\‘F index & The SGW)e)
@S;MF\%_

In general: (X"\‘ra") (jn\p—[:)
= )CH n,} ab

th.z_(‘g, n oL n ncd‘w‘!'-—‘ nwinber M )L,\j\a,b aece

mi humibes. IF nis even , A 20 ad bzo

Example 2 - Simplify:  a) 5v3 (\/E) b) 26 (4v/8)
=518 = 8lis
=i5J2 =323

e S e

) —3v2x (4V3x) x =0 d) —2311(4V2 - 3¥3)

—\2{ex® —93%72 + 6333

”\fol:

e) (4VZ + 3)(V7 — 5V14) Fel fy (Vx + YV = 3fxy +y?)
7 - 303 32 4 3 33 3+ 23
&j?,wﬁ%;ﬁﬂsm 3-\/3?«_—,\/—1_[4 *\]E;ﬁ‘,nj\-@ Y

T ‘L}O'ﬁ 3T 154 <Xy
{0 ~37d7




dividing
radicals

6v12

Example 3 - Divide "= Verify your answer: ‘ [ IF} _ 20.78%
= 3{6 7. 34x
= A2 = 2.828
To divide radicals;, - # co I L7 A (Same as Q\Fi)
u 3 ® D;Vide & hu%

@ Divide radicands (f mddex Y sam)
@ S]'M‘)\l% o ?05_(‘[9!@

In general: )& B X A[G WII\H’\ Same S"'*'?Ll_‘aj"‘;*s" s
Yvo Y "% mulhplywy mabicals.
also 5;?50, bL#e CSO L.>C>)
-24314 V51 Vi8x3
Example 4 - Simplify: a) —% b) 3\-/-_2—1 c) js_;c , x>0
-377 217 [ox®

Multiplying & Dividing Terms with Different Indices

Example 5 — Simplify Va3 (Vx), x>0
1

_ 3 2 _3x3 qx2 _ ll_
= XX*-XN3 I.;- 3xy T L
i
= )‘,_"
- {';;'xﬂ
= & xéxs
Y
= \/—1?-
i3
Example 6 — Simplify - , x>0
3x
2 3 3‘3_ A* 7
xEZ X 2 3, ¢
»3-
z



B — Rationalizing the Denominator

rationalizing
the
denominator

A final answer cannot have a radical in the denominator. Therefore, you may have
to ‘rationalize the denominator’ — a process that will eliminate the radical from
the denominator without changing the value of the expression.

Example 1 - Rationalize: a)

If the denominatoris a

radical monomial, =

multiply the numerator
and denominator by
that radical.

Example 2 — Rationalize:
If the denominator is a
radical binomial,
multiply the numerator
& denominator by its

conjugate.

Cﬂn\l“ﬁﬂi'c *"F
F-26 +2

3.0 2
wE u
Bfg' = \{z "vr:’-
A 457

——\2
) 5% » ‘t!wf)g
410x3 «(Hfio 2>,
= 4}5‘0&0 <"

~NT T
10 x?

jor?

= X

= el

2x
3

Jx—-2
3 (I)_L- i l)

x-2 (Jx +2)

a)

3x+6

z-2{x+2(7 -

_ 3L
x -4

y oo 05 g 25-CE)
RN RIS 336 v@@l
¢ 2[5(3)
7(5) - 3(L)
= &5 ey
35 -

. BEE)°
ti

2 e Jx+

g) Va1 e Jx+i
2 [+

X+

24+V2 (3{5+4)

b) 3V5-4 (3IS + 1)

6l +R+ BW_-_:‘f\,_r_?:

q(s) -12{5 +i12y5 -6

6f5 +3J0r 2+
s — it
29




Ja+V2b
c) NN a,b=0

Ja+ 26 (33 +12p)
Ja-J3% (V& + [71)

= A yJ2ab + 24} + 2b
a - +J2ab - 2 b

. 'Ck-l- lJlAL *lb
A -2} !

& #2Lh

Example 3 - Simplify

a) 6F,x >0 7
ax

23/op
» ] 2-
7 %)

b) == ,p# 0

‘

% 2306 - (J%)
= é\’rg - 713 )"’"

, = 10
= 3J3- % = 7 (3F)
23 (%
= x \&p

| 9p

- 163
8%

Example 4 - The surface area of a sphere is S = 4nr?. If the surface area of the

sphere is 144 mm?, what is the radius?

I'-F‘-f= Lqr? e
r:r_z_l_q_li r= T
Hm _ bdm
ct= 36 R
R A
r= i'ﬁ_r—t-: = e

rased" }?«z hbjn&'wu
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|.7 —Radical Equations

Radical Equations are mathematical equations that include a radical, such as:

24/6x — 1 = 11 . If the index of the radical is even, there are restrictions on the
variable: Since it is not possible to find the square root of a negative number, the
radicand cannot be negative.

Example 1 - Find the restriction on the variable:

a) 2v6x—1=11 b) Vx + 2 = 49

QZ?% X+2 20
b L
—— X7z -Z |
[x=z2] =
c) 7V—-2x+3 =35 d) V3x+4=+2x—4
~An+3 20 Zz+420  2x-4z0
~2z 7 2 228 Zxrz?
", .|F,.':r’r,' ¢ - Z )
y r__-_-__.,-r Z/g g 4 Z//Z
(7 5-'%‘)/ & So
|xzZ2

Steps to solving radical equations:

1. Find the restrictions on the variable in the radicand (if the index is even).
Remember, the radicand must be set to = 0 and then solved (if you multiply
or divide by a negative number to both sides, FLIP the inequality).

2. Get the radical all by itself on one side of the equation.

3. If the index is 2, square both sides (if index is 3, cube both sides, etc.) and
then solve for the variable.

4. See if the solution if affected by the restriction.
5. Check the answer using the original equation to see if solutions are valid or
extraneous.
e
Example 2-Solve a) 2v6x —1 =11 ;7457/0! b) -8+ 3?3;. = Y/ i
— Ched ‘ henke
262 -1 = Il Le  fs |=g+(P =2 L(; X
+ | #) W - " | +E +8 __QJH_L
3 A 2
2@ oo W
%JZ{ =12 200 - o 3. [ P
2 ) - 1n* V=5 |
. 255 -1 () =10 =]
[x <6 2 g i3]
" .s{-:!-' = fOO "‘?”f’ /0 !
(ﬁj - 1p-t | 5 2
e " v/ Fy= Svo
bt =3 = 22

-

= ; % J <)
T Zm b0 D



Ax-320
2xz3
122

y
J,'A"‘--("_ﬁ"f‘\‘\.

o
I o s juch a \
/radyeal on ong side |

Y )_\LCJL “ negd\\w _

,f [;oASW o \H«p OHur’ J
| Yhore are )
. No SoLvTIoNS €

f

| X 35_
Example3-Solve a) 4 +vV2x -3 =1 'x%%_ b) oI =1t
+J22-3 =1 thed- -
7{: “ ':’ % Ls &S Jx-5 .<§
(-3 =G 143 || No DLuTiont>
2x-3 =9 kg
r=12 b+
=7 7 X
o
“WNo olutny &
Examplg4ﬂ-?g\79

a) V10x — 7 = 3vx /3_63_}%/

: b) 2vx = m ]7620!
102729 [1027 )= 6J%)°

=20 . { il )
A=0 | (f)-(7x72)

i,;’___}__ N 10x=7 / y P o= Tx+l
L X 1P fwo redenfs) X7 E Tz 6| 3= b

7 2, -

g‘t"/’m’\-e on 80104 94 J' )CZ’ -_7' | x— l ’

 hea <7uarc.,.’ - §o ( docs nof Fullill fostie:

p— — ',"‘ f 4 xz 0 !p ho {D/u%voxt( !

. |
| Example 5 — Solve l

-——-"':‘}’
avxr+1l=x-1 b) m —/2m + =6(m>’ 2-2

()" = (-0 j”‘*j i" Mm—¢= J2me2
m= !
el =) |07 ey )
' 2

X+]= na-x ¥l
zH]= 2 -l #

(-B)m=-L) = 2m33
M =12m +3f = 2ps 3

M = IYm +33=0

 (m-)(m-2)=0
_.,__M_"‘_U.a,&"f;;%_,_

A= |
4| @s = s
Il ¢ ~0a | ¢
:’ W -ati+3 3-Los3
n-J2s z-J9
-5 3-3
RN



